Physica C 352 (2001) 77±81

www.elsevier.nl/locate/physc

Andreev resonances in quantum ballistic transport in
SNS junctions
 Ingerman a,*, J. Lantz a, E. Bratus' b, V. Shumeiko a, G. Wendin a
A.
b

a
Chalmers University of Technology and Goteborg University, 41296 Goteborg, Sweden
B.Verkin Institute for Low Temperature Physics and Engineering, 310164 Kharkov, Ukraine

Abstract
We report the results of an investigation of the eect of the superconducting bound states on coherent multiple
Andreev re¯ections in quantum SNS junctions. A rich resonant structure of the current, associated with the bound
states and consisting of peaks, onsets and oscillations, is found by numerical calculations. Positions of the current
structures are not given by subharmonics of the energy gap but rather determined by the junction geometry. We present
analytical classi®cation of the resonant current structures and calculate their positions and amplitudes. We show that
the resonant current structures in three-terminal SNS interferometers can be controlled by external magnetic
¯ux. Ó 2001 Elsevier Science B.V. All rights reserved.
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Ballistic SNS junctions are interesting mesoscopic structures where the eect of Andreev
bound states on the current transport can be accurately studied. Recent experiments on ballistic
SNS junctions fabricated with high mobility
2DEG [1±4] revealed unusual features in the
voltage dependence of the dierential resistance,
which were tentatively attributed to Andreev resonances. Such features have been observed neither
in metallic break junctions nor in diusive SNS
junctions. The current in metallic break junctions
is accurately described by the theory of coherent
multiple Andreev re¯ections (MAR) [5,6] where
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the eect of Andreev bound states is completely
neglected. This description is adequate because of
the small (atomic) size of these junctions. In 2DEG
devices, the junction size is typically comparable to
the superconducting coherence length, and the
Andreev bound states are well developed. This will
lead to pronounced resonant features in the multiparticle currents. On the other hand, in diusive
junctions, the Andreev bound levels are washed
out into a continuum spectrum and the current
resonances diminish to the level of mesoscopic
¯uctuations (incoherent MAR).
We present a study of the eect of Andreev
bound states on the current transport in ballistic
SNS junctions. We will focus on quantum junctions where the resonant eects are most pronounced, however, the results can be extended to
plane junctions with large number of weakly coupled
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Fig. 1. Schematic con®guration of SNS junctions: (a) two-terminal junction: the N-region consists of a quantum wire of
length L with a single conducting channel; the bold dot indicates an impurity with transparency D; (b) three-terminal
junction: the transparency of the connection point is D in the
horizontal direction and D1 in the vertical direction; the position of the Andreev levels is controlled by the the phase difference / between terminals 2 and 3.

conducting channels by integration over the conducting channels.
The junctions under consideration consist of
a normal conducting quantum wire or a network
of quantum wires (Fig. 1) connected to the superconducting electrodes. Experimentally, such
structures can be realized, e.g., with the split-gated
ballistic 2DEG con®ned between the superconducting electrodes. We will consider two types of
junctions: a two-terminal SNS junction with a ®nite length L  n0  
hvF =D and transparency D
introduced by a scatterer in the quantum wire (Fig.
1a), and a three-terminal SNS-interferometer [7,8]
(1b) with equipotential electrodes 2 and 3. The
Andreev bound levels in the interferometer are
controlled, in the limit of small coupling to electrode 1, D  1, by applying a phase dierence
between the electrodes 2 and 3. The current±voltage characteristics (IVC) of the two-terminal
junctions are presented in Fig. 2. The IVCs were
numerically computed by using the theory of coherent MAR developed in Refs. [9,10] for junctions with strong electron±hole dephasing in the
normal region (long SNS junctions, resonant
junctions, etc.). For simplicity, the results are
presented for symmetric junctions with the impurity positioned at the center of the normal wire.
The following features of the current should be
noted: (i) the current in ®nite-length junctions is

Fig. 2. IVC of the two-terminal junction (Fig. 1a) with the
scatterer (impurity) symmetrically positioned at the center of
the junction, transparency is D  0:1; the temperature is zero.

considerably enhanced compared to the current in
junctions of zero length, particularly in the subgap
voltage region eV < 2D; (ii) the main current onset
in the junction with one Andreev level (L  pn0 =2)
is shifted from eV  2D towards smaller voltage;
(iii) there are full-scale current peaks at subgap
voltage, the number of peaks increasing with the
junction length; (iv) there are no appreciably large
peaks at small voltage; (v) the current shows oscillations above eV  2D. To interpret this complex behavior, we split the total current into partial
multi-particle currents [9±11],
X
I V
In V h neV 2D;
n

and investigate n-particle currents separately.
The IVC of the single-particle current is presented in Fig. 3. The onset of the current at
eV  2D, which is slightly washed out in a short
junction (L  n0 ), is completely suppressed in ®nite-length junctions. This gives rise to considerable current de®ciency at large voltage. A small
current onset appears in the junction with length
L  2pn0 . To explain this behavior, we derived an
asymptotical form for the single particle current in
the limit of small transparency D  1,
Z D
2eD
I1 V  
dE N EN E  eV :
1
h D eV
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Fig. 3. Single-particle current in two-terminal junctions with
dierent lengths, transparency D  0:1; the current onset is
appreciably suppressed, and current oscillations develop.

The current in Eq. (1) has the standard form of
the tunnel single particle current where N E 
En=E2 D2 cos2 EL=
hvF , (n2  E2 D2 ) is the
tunnel density of states (DOS) earlier calculated
for proximity SN sandwiches [12]. The function
N E is constructed with the amplitudes of the
scattering state wave functions, and it is constant
within the N-region. The energy dependence of the
DOS N E is presented in Fig. 4: in junctions with
arbitrary length, the DOS turns to zero at the gap

Fig. 4. Tunnel DOS N E in the single-particle current (1). The
DOS turns to zero at the gap edge except for junctions with
length L=n0  np when a bound level splits from the continuum.
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edge, except of the junctions with the length
L  npn0 where the bound levels appear at the gap
edge and where the DOS becomes singular. The
oscillations of the DOS are related to the quasibound levels in the continuum (the Rowell±
McMillan oscillations [13]). These properties of
the DOS provide clear explanation of the properties of the single-particle current seen in Fig. 3.
The two-particle current is dominated by the
resonant MAR processes shown in Fig. 5a. The
asymptotic formula for the two-particle current in
the limit of D  1 reads
Z D
2e
D2 N0 N2
I2 V  
dE
2 ;
2
2
h D 2eV
4 sin v E1   D2 N0 N
2
2
where Nn  N En , En  E  neV , and v E 
EL=hvF  arccos E=D. This equation has the
form of a resonant current with the resonances
coinciding with the position of the de Gennes±
Saint-James levels in the SNI quantum well,
sin v E1   0 [14]. The current therefore has resom
nant onsets at the voltages eV  D  EA < 2D,
m
where EA > 0 is the position of the mth bound
level. The height of the onsets is of the order D.
The resonant onset of the pair current in the
junction with L  pn0 =2 (one bound level) is seen
in Fig. 2 as a shifted onset of the main current. The
width of the resonances in Eq. (2) is periodically
modulated by the oscillation in the DOS N E.
This modulation produces the oscillation features
on the IVC clearly seen in Fig. 6.
Despite of the fact that the pair current is large,
D, the excess current of the junction is small,
D2 , similar to the atomic-size point contacts.
This is the result of the ®ne cancellation of large
pair current by the reduced single particle current
at eV  2D.
We notice that in our calculations, the Andreev
bound levels are not involved in the single-particle
transport: the single-particle transport is non-resonant. According to the scattering theory scheme
the states of the continuum spectrum in the electrodes are the reservoirs while the true bound
states with zero width are disconnected from the
reservoirs. Thus the single particle transport
through the bound states is strictly forbidden.
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Fig. 5. Resonant MAR diagrams for (a) two-particle, (b) three-particle, and (c) four-particle currents.

Such an argumentation in fact relies upon the assumption about the small intrinsic width of the
levels (si 1 ) compared to the level broadening
(DD) due to the second order MAR processes,
i.e., si 1  DD (si is the inelastic relaxation time).
The dominant contribution to the three- and
four-particle currents results from the overlap of
two Andreev resonances (see the MAR diagrams
in Fig. 5b and c). The double resonance occurs at
k
m
the voltage eV  EA  EA > 2D=3 for the threek
m
particle current, and eV  EA  EA =2 > D=2,
for the four-particle current, and it is manifested
by a current peak. The maximum transmissivity of
the double resonance is equal to unity, which
yields the height of the current peak of the order

Fig. 6. The two-particle current shows resonant onsets at
D < eV < 2D due to the Andreev bound levels, accompanied by
current oscillations due to the periodic modulation of the DOS;
transparency D  0:1.

D, i.e. it is comparable to the resonant pair current. The IVC for the three-particle current is
shown in Fig. 7. The double resonance current
peaks of both the three- and four-particle currents
are clearly seen in Fig. 2.
At the voltage eV  D=2, the height of the
current peaks decays exponentially. This is true
even for long junctions if their transparency is
small (D  0:1): the Andreev spectrum is not
commensurate with the equidistant sideband ladder, and higher order (triple, etc.) resonances do
not exist.
The three-terminal SNS junction shown in Fig.
1b gives interesting possibilities for controlling the
resonant features on the IVC. In this junction, a
single Andreev bound level exists even in the limit
of zero length of the normal wire, when a phase

Fig. 7. Resonant peaks of the three-particle current: D  0:1.
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current and partly due to a double resonance in the
three-particle current. At this voltage, the Andreev
resonance at the complex terminal overlaps with
the quasi-resonance at the gap edge of the simple
terminal (see Fig. 5b), i.e. a double resonance.
There is also a peak of the four-particle current at
eV  EA due to the double Andreev resonance at
the complex terminal (Fig. 5c). When the phase
dierence approaches /  p, all the multi-particle
currents are suppressed and only the single particle
current survives. This is due to the complete
blockade of the Andreev re¯ections at the complex
terminal at /  p, a property well known for the
SN Andreev interferometers [15,16].
Fig. 8. IVCs of the three-terminal junction of Fig. 1b for different superconducting phases between the terminals 2 and 3:
transparency D  0:02, D1  0:9.

dierence is applied between the terminals 2 and 3.
The theory for three-terminal junctions is developed in a similar way as the theory for the twoterminal junctions by combining the terminals 2
and 3 into a complex terminal with eective Andreev re¯ection. In the small transparency limit of the
injection circuit, D  1, the eective DOS of the
complex terminal (2 and 3) has the form, N E 
En= E2 EA2 , where EA  D 1 D1 sin2 /=21=2
is the Andreev level energy, while the DOS of the
simple terminal (1) is N E  E=n. The IVC of
such a junction is shown in Fig. 8 for dierent
phase dierences /. For /  0 the terminals 2 and
3 work as a simple terminal, and the IVC is the
same as in the non-resonant point contacts [2].
With the increase of the phase dierence, the single
particle current onset diminishes, while the resonant onset of the pair current instead develops,
which leads to the shift of the position of the main
current onset from eV  2D to eV  D  EA . The
tooth-like overshoot at the current onset is partly
due to an onset resonance in the two-particle
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